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Lecture Coverage

• Motivation

• Recent Trend

• Introduction to Quantum Computing

• Complex Numbers

• Quantum State representation
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Timeline Exploring the Development of Quantum 
Technologies

433 qubit Osprey : 
IBM

2022

1121 qubit Condor 
: IBM

2023

Ayoade, O.; Rivas, P.; Orduz, J. Artificial Intelligence Computing at the Quantum Level. Data 2022, 7, 28. 
https://doi.org/ 10.3390/data7030028
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Motivation

• 1982: Simulating Physics with Computers

• Richard P. Feynman

R. P. Feynman, “Simulating physics with computers,” Int’l Journal of Theoretical Physics, vol. 21, pp. 467–488, 
1982
R. P. Feynman, “Quantum mechanical computers”, Optic News, vol. 11, pp. 11-20, 1985.

“Nature isn’t classical, dammit, and 
if you want to make a simulation of 
nature, you’d better make it 
quantum mechanical, and by golly 
it’s a wonderful  problem, because it 
doesn’t look so easy”

--- Richard P. Feynman, 1981
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Motivation

• 1994: Polynomial time algorithm for factoring large numbers on a 

quantum computer

• Peter Shor

• Bell Labs
MAJOR BREAKTHOUGH IN 

QUANTUM COMPUTING

SHOR’s 
FACTORIZATION

ALGORITHM

P. W. Shor, Algorithms for quantum computation: Discrete logarithms and factoring. In Symp. on 
Foundations of Computer Science. 124–134, 1994
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Motivation

• 1996: Quantum database search algorithm

• Quadratic speedup

• Lov Grover

• Bell Labs

L. Grover, “A fast quantum mechanical algorithm for database search,” in ACM Symp. on the Theory of 
Computing, p. 212, 1996
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Quantum Information Science Chart

Ayoade, O.; Rivas, P.; Orduz, J. Artificial Intelligence Computing at the Quantum Level. Data 2022, 7, 28. 
https://doi.org/ 10.3390/data7030028
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Programming Quantum Computers Chart

Ayoade, O.; Rivas, P.; Orduz, J. Artificial Intelligence Computing at the Quantum Level. Data 2022, 7, 28. 
https://doi.org/ 10.3390/data7030028
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Quantum Computing Technologies

Ayoade, O.; Rivas, P.; Orduz, J. Artificial Intelligence Computing at the Quantum Level. Data 2022, 7, 28. 
https://doi.org/ 10.3390/data7030028
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Quantum Information Science Progress Report

Ayoade, O.; Rivas, P.; Orduz, J. Artificial Intelligence Computing at the Quantum Level. Data 2022, 7, 28. 
https://doi.org/ 10.3390/data7030028
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Industry Players
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Recent Trends
• Launch of IBM’s first Quantum Computer in May 2016.

IBM’s first 
Quantum Computer

May 2016
(5-qubit)

QISKIT by IBM’s 
research

March 2017

IBM’s 
16-qubit

2017

CANARY

IBM’s 
27-qubit

2018

Falcon

IBM’s 
33-qubit

Egret

IBM’s 
65-qubit

2020

Hummingbird

IBM’s 
127-qubit

2021

Eagle

IBM’s 
433-qubit

2022

Osprey
IBM’s 
1121-
qubit
2023

Condor



14



15

Milestones Achieved

• Solution to some computationally harder problems possible.

• We have small scale physical quantum computers.

• Quantum supremacy using a programmable superconducting 

processor – Nature 574 505-510 (2019).
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Future Directions

• Making reliable quantum computers.

• Fault Tolerant Computing

• Design of more quantum algorithms for various applications.

• Some important applications: Quantum Machine Learning (QML), 

Quantum Cryptography (QC), optimization problems.
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Comprehensive Catalogue of Quantum Algorithms

• https://quantumalgorithmzoo.org/

• All known quantum algorithms are listed with their expected 

speedup over classical computing

https://quantumalgorithmzoo.org/
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INTRODUCTION TO QUANTUM COMPUTING
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Quantum Computing

• A new computing paradigm based on quantum mechanical 

principles.

• Significantly different from classical computing.

• Qubits are the hardware on which gate operations are carried out 

sequentially

• Quantum algorithms exist for some problems.

• Can provide significant speedup (super-linear or exponential).

• Algorithms expressed as a sequence of quantum gate operations.
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Classical Computing

• We carry out computation on basic unit 

of information called bits.

• Typically two-valued, 0 and 1.

• We build circuits (e.g. CMOS) that 

operate on data.

• Adders, multipliers, etc.

• Built using logic gates / transistors.

Transistors

Logical gates NOT/ AND / OR

Circuits ADDER/MULTIPLIER

Chips

Systems

PROCESSOR

Logical gates

Circuits

Systems

Transistors

Logical gates
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Quantum Computing

• Basic unit of information is called quantum 
bits or qubits.

• Quantum gates operate on qubits to change 
their states.

• The qubits are considered as “hardware”, on 
which the gate operations are performed by 
applying external stimulus.

• Qubits can exist in state of superposition of 
the basis states.

ȁ ۧ𝝋 = 𝜶 ȁ ۧ𝟎 + 𝜷 ȁ ۧ𝟏

7-qubit FALCON PROCESSOR
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Classical and Quantum Information Processing

Signal

Data

Qubits

Circuits

Classical vs Quantum IP

Operations

Input Data
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Quantum Computing

• A quantum circuit consists of a sequence of quantum gates.

• Gate operations are carried out in sequence.

• The execution time depends on the depth of the circuit – that is, 

number of steps required to carry out the operations.

• Main characteristics of quantum operations:

• A qubit can exist in state of superposition.

• Multiple qubits can exist in states of entanglement.

Quantum 
operations are 

inherently 
reversible
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Advancement in Quantum Processors

IBMQ: 5 qubits (May 2016)

Canary Family: 5 qubits (January 2017)

16 qubits (May 2017)

Falcon Family: 27 qubits (2019)

Egret Family: 33 qubits 

Hummingbird Family: 65 qubits (2020)

Eagle Family: 127 qubits (December 2021)

Osprey Family: 433 qubits (December 2022)

Condor Family: 1121 qubits (December 2023)

Gate Error rate
Decoherence

https://www.ibm.com/quantum/technology
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Classical Vs Quantum information processing

• Classical operation

• AND / OR / NAND / NOR etc

• Boolean logic

• State: Scalar (0 / 1)

• Quantum operation

• Hadamard / Pauli X,Y,Z / T / S

• Linear algebra: Matrix

• State: vector (
𝑎1
𝑎2

)
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Necessity of basic Linear Algebra

• To understand the quantum states

• To understand the quantum gate operations

• To understand quantum circuits

• To understand quantum algorithms
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What do we need to know?

• Algebra of complex numbers

• Vector or Matrix representation of Quantum State

• Matrix representation of quantum gate operations

• The important quantum gates and their matrix representations

• State transformation
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PRELIMINARIES OF QUANTUM COMPUTING
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Quantum Information

• A quantum state of a system is represented by a column vector

• Entries are complex numbers

• The sum of the absolute values squared of the entries must be 1

• This is the simplified description 

• A quantum state can be represented by general class of matrix 

known as Density Matrix

• This includes simplified description and classical information including 

probabilistic states as special case
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Quantum State

• A quantum state ȁ ۧ𝝋 can be expressed as the superposition (linear 

combination) of the basis states.

ȁ ۧ𝝋 = 𝜶 ȁ ۧ𝟎 + 𝜷 ȁ ۧ𝟏

Here ȁ ۧ𝟎 𝐚𝐧𝐝 ȁ ۧ𝟏 are the basis states, and 𝜶 and 𝜷 are complex 
numbers

𝜶 𝟐 + 𝜷 𝟐 = 𝟏

ȁ ۧ𝟎 =
𝟏
𝟎

ȁ ۧ𝝋 can be 
represented as 

a vector

ȁ ۧ𝟏 =
𝟎
𝟏
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Complex Numbers: A revision
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COMPLEX NUMBERS

• Complex number representation:

(A + Bi)

A – Real part ,  B – Imaginary part

i = −1 ; i2 = -1

• Complex numbers can be added, subtracted, multiplied, divided
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Geometry of Complex Numbers

Complex plane / Argand plane

Real

Imaginary

c1 = 4 +5i

4

5

x

y
z z = √(𝑥2+ 𝑦2)

Modulus of a complex number (c1 = a + bi):

Length(c1) = √(𝑎2+ 𝑏2)



35

Add and Subtract

• Example 1:

• c1 = 4 +5i, c2 = -8 +2i

• Add c1 and c2

• Result = c1 + c2 = 4 +5i + -8 +2i = -4 + 7i

• Subtract c2 from c1

• Result = c1 – c2 = (4 +5i) – (-8 +2i) = 12 + 3i



36

Multiply and Divide

• Example 1:

• c1 = 4 +5i, c2 = -8 +2i

• Multiply c1 and c2

• Result = (4 +5i) x (-8 +2i) = -32 +8i -40i +10i2 = -42 – 32i

• Divide c1 and c2 
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Division of Complex Numbers

• Complex conjugate

• Changing the sign of the imaginary part only

• c = a + bi

• c* = a – bi (complex conjugate)

• Divide c1 / c2, c1 = 4 +5i, c2 = -8 +2i

• Result =  
(4 +5i) (−8 −2i)

(−8 +2i) (−8 −2i)

= -11/34 -12/17i
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Polar representation

Complex plane / Argand plane

Real

Imaginary

(a,b)

0 a

br

Ɵ

r = 𝑎2 + 𝑏2

a = r cosƟ
b = r sinƟ

c1 = a + bi
= r cosƟ + (r sinƟ)i
=r (cosƟ + isinƟ)

=reiƟ

(r, Ɵ) – (Magnitude and Phase)

In a polar coordinate 
system, a point can be 
represented by a pair (r, 
Ɵ), where r is the length 

of the straight line 
joining the point with the 
origin and Ɵ is the angle 

with the x-axis.

= r cosƟ

= r sinƟ
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Complex Vector Space Fundamentals
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Vectors in Quantum Computing

• The state of a quantum bit (qubit) is represented as vector

• A quantum system consists of a number of qubits, which change 

states as gate operations are carried out on them

• We discuss about vector and vector spaces

• Vector space is collection of vectors with some defined properties
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Vector Space

• Linear algebra is the study of vector spaces, and of linear 

operations on the vectors in those vector spaces.

• The basic objects of linear algebra are vector spaces.

• The vector space of most interest to us is ℂn, the space of all 

n-tuples of complex numbers, (z1, z2, …, zn).

• The elements of a vector space are called vectors, often 

represented as a column matrix:
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Operations on Vectors: Addition of Vectors

• There is an addition operation defined that operate on two vectors 
to produce a new vector. In ℂn, the addition operation for vectors 
is defined by

where the addition operators on the right are ordinary additions of 
complex numbers.
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An Example

• Consider two elements of ℂ4 as:  V =                and W =

• We can compute the sum vector V + W ℂ4
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Vector Addition is Commutative and Associative 

• Consider two elements of ℂ4 as:  V =               and W =

• V + W = W + V

• Consider three vectors V, W and X

• (V + W) + X = V + (W + X)

• Vector addition holds commutative and associative properties
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Special Vector: Zero Vector

• 0 = 

0
0
0
0

• For all vectors V  ℂ4

• V + 0 = V = 0 + V
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Requirement of Additive Inverse

• Each vector also has an additive inverse. 

Consider the vector in ℂ4: 
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Requirement of Additive Inverse

• There exists another vector –V in ℂ4 such that:

The set ℂ4 with the 
addition, inverse operation 

and zero such that the 
addition is associative and 

commutative form an 
Abelian Group.
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Multiplication of a Scalar with a Vector

• Furthermore, in a vector space there is a “multiplication by a 
scalar” operation, which is defined in ℂn as:

where z is a scalar (i.e. a complex number), and the multiplications 
on the right are simple complex number multiplications.
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An Example
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Complex Vector Space

• Cmxn , the set of all m-by-n matrices (two-dimensional arrays) 

with complex entries, is a complex vector space
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Complex Vector Space cont.

• For Cmxn , when n = 1:  Cmxn = Cmx1

• Hence vectors are special type of matrices.

• Consider Cmxn , where  m = n  (Square matrix)

• Here the vector space Cnxn has more operations and more structure 

than a complex vector space

• The three operations are Transpose, Complex Conjugate and 

Adjoint or Dagger

• These operations are important in the context of quantum gate 

operations.
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Transpose of a Matrix

6 − 3𝑖 2 + 12𝑖 −19𝑖
0 5 + 2.1𝑖 17
1 2 + 5𝑖 3 − 4.5𝑖

6 − 3𝑖 0 1
2 + 12𝑖 5 + 2.1𝑖 2 + 5𝑖
−19𝑖 17 3 − 4.5𝑖

A = AT = 
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Complex Conjugate of a Matrix

6 − 3𝑖 2 + 12𝑖 −19𝑖
0 5 + 2.1𝑖 17
1 2 + 5𝑖 3 − 4.5𝑖

A = 

6 + 3𝑖 2 − 12𝑖 19𝑖
0 5 − 2.1𝑖 17
1 2 − 5𝑖 3 + 4.5𝑖

A* = 
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Adjoint/Dagger of a Matrix

6 − 3𝑖 2 + 12𝑖 −19𝑖
0 5 + 2.1𝑖 17
1 2 + 5𝑖 3 − 4.5𝑖

A = 

A† = 

6 − 3𝑖 0 1
2 + 12𝑖 5 + 2.1𝑖 2 + 5𝑖
−19𝑖 17 3 − 4.5𝑖

AT = 

(AT)* = 

6 + 3𝑖 0 1
2 − 12𝑖 5 − 2.1𝑖 2 − 5𝑖
19𝑖 17 3 + 4.5𝑖

6 + 3𝑖 0 1
2 − 12𝑖 5 − 2.1𝑖 2 − 5𝑖
19𝑖 17 3 + 4.5𝑖
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Some Operations on Matrix

• Every quantum gate operation can be represented as matrix (U)

• Every quantum state is represented by a vector (V)

• When V is applied as input to U, the new quantum state becomes 

U * V

• Every composite quantum gate operations (U1, U2) can be 

represented as a matrix obtained by multiplying the matrices 

corresponding to U1 and U2
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Point to Remember

• Let U be any element in Cnxn:, for any element X  Cn , U * X is in Cn . 

• U: Cn   
→ Cn 

• The elements of Cn represents the state of a quantum system

• Consider a state X  Cn , and a matrix U  Cnxn , if we perform U * X, 

then U * X is an element of  Cn , which is nothing but another state of 

the system.
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Example

U X

CnCnxn

=* Z

Cn

Previous StateOperator New State

Mathematically : መ𝐴 𝜙 = 𝜙′ for this example:
෡𝑈 𝑋 = ȁ𝑍ۧ
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Summary

• Motivation of the course

• Quantum computing in general

• Complex numbers

• Complex Vector space

• Operation on matrices
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