Advanced Algorithms University of Bremen
Summer 2025, Lecture 13 Faculty 3: Math/CS
Lecturer: Nicole Megow June 30, 2025

Matroid Characterizations and Optimization

Recall the definitions of a matroid.

Definition 1 (Matroid). Let E be a ground set and Z C 2F a set system. M = (E,T) is a matroid if
the following properties are satisfied:

(i) D e,
(#) for all A€ T and B C A, we have B € Z, and
(iii) for all A, B € T with |A| < |B|, there exists an element b € B\ A such that AU {b} € T.

Properties (i)+(ii) define an independence system. A set A C F is called independent if A € Z, and
dependent if A ¢ T. Minimal dependent sets are called circuits, and maximal independent sets are called
bases.

1 The rank of a matroid and alternative characterizations

All bases of a matroid have the same size. This size is called the rank of the matroid. The rank of an
arbitrary set S C F is the size of the largest independent subset of .S. More formally, we define the rank
function as follows.

Definition 2 (Rank function). Let M = (E,I) be a matroid. The rank function r : 2F — Nsq
associated to M s defined as
r(S):= max |I|
ICSs.t.IeT

for each S C E. We call r(E) the rank of M.
Lemma 1. Let M = (E,I) be a matroid with rank function r. Let A, B C E. Then
(a) r(A) < |A],
(b) r(A) =|A| if and only if A€ T,
(c) r(A) <r(AU{e}) <r(A)+1 foralle € E, and
(d) r(AUB) +r(ANB) <r(A) +r(B).

Proof. The first three statements follow immediately from the definition of the rank function.

For (d), let X sp be a basis of ANB. Then |Xap|=7r(ANB). Since X45 C A and Xap € Z, we can
extend X 4p to a basis X4 of A. Thus, X,p C X4 C A, X4 €7, and | X4| =r(A). Now, X, CAUB
and X4 € Z. Further, we can extend X 4 to a basis X up of AUB. So, X4 C Xaup € AUB, Xaup €7,
and ‘XAUB| e T’(A U B)

Consider the set Y = Xap U (Xaup \ Xa). Since X4 contains X 4p (a basis of AN B) and X4 C A,
any element in X up \ X4 must be in B\ A. Thus, Y C (ANB)U(B\ A) C B. Since X4up is an
independent set and Y C X 4up (because Xap C X4 C Xaup), Y is an independent set. As Y C B
and Y € Z, its size is at most the rank of B, that is, |Y| < r(B).

The sets X ap and X sup \XA are disjoint (as Xap C XA). Thus, |Y| = |XAB| + |XAUB \XA| =
| XaB|+ (IXaus| — [Xal). Thus,

r(B) > Y| =|Xag|l + | Xaun| — | Xa| =r(ANB)+r(AUB) —r(4).
Rearranging this inequality yields (d). O

With the latter property of the rank function, it is also called a submodular function. Submodularity
captures the property of diminishing returns: adding an element to a larger set never increases the rank
by more than adding the same element to a smaller set. This property is central in matroid theory, as
it precisely captures the structure and optimizability of many combinatorial problems.

Submodularity allows us to give an alternative characterization of matroids.



Theorem 1 (Characterization of Matroids via the Rank Function). Let E be a finite set and let r: 2F —
R be a function satisfying the following three properties:

(R1) 0 <r(A) <|A| for all ACE,
(R2) If AC B C E, then r(A) < r(B) (monotonicity),
(R3) For all A,B C F,

r(AUB)+r(ANB) <r(A)+r(B) (submodularity).

Then
IT:={YCE:|Y|=rY)}

defines the independence system of a matroid M with ground set E(M) := E and rank function ryq = 7.

Proof omitted (requires additional properties of the rank function).

We now present another simpler alternative characterization of matroids, showing that it suffices to
verify property (iii) only for sets that differ in size by at most one in order to establish the exchange
property for a matroid.

Lemma 2 (Alternative Characterizations of Matroids). Let (E,T) be an independence system. Then,
(E,T) is a matroid if and only if

(iii’) for all A,C € T with |A| + 1= |C|, there exists an element ¢ € C'\ A such that AU {c} € T.

Proof. Clearly, (iii) implies (iii’). We now show that (iii’) together with (ii) implies property (iii).

Let A,B € Z with |A] < |B|. Choose C C B such that |C| = |A|] + 1. By (ii), it holds that
C € Z. Then by (iii’), there exists an element ¢ € C'\ A such that AU {c} € Z. Thus, there exists a
ce€C\ AC B\ Asuch that AU {c} € Z. O

2 Matroid optimization

We consider the following matroid optimization problem: Given a matroid M = (E,Z) and a weight
function c: E' — R, find an independent set S C E of maximum weight ¢(S) := Y s ce.

If ¢(e) > 0 for all e € E, this is equivalent to finding a basis of maximum weight. If ¢(e) < 0 for some
e € E, then e will not be in the optimal solution due to property (ii) (the hereditary property: closed
under taking subsets). Thus, such elements e can simply be deleted. In this case, we may not obtain a
basis.

The greedy algorithm finds, for each k € N a set S of maximum weight ¢(S) among all independent
sets S C F of size |S| = k.

Algorithm 1: (Weighted) Greedy Algorithm

Input: An independence system (E,Z), weight function ¢: E — R>q
Output: An independent set S € Z of maximum total weight
1 S+ 0;, k1, U«+FE;
2 while U # () do
3 Select s, € U with maximum weight ¢(sy);
4 U+U \ {Sk};
5 if S,_1 U {Sk} € 7 then
6 Sk +— Sp_1 U {Sk};
7
8

k< k+1;
return S

Theorem 2. For any matroid M = (E,T) and each k with 1 < k < r(FE), the greedy algorithm finds
an independent subset of E of size k whose weight is mazimal.

Proof. The proof is by contradiction. For 1 < k < rp(FE), let Sk, = {s1, $2,..., 5k} be the independent
set constructed by the greedy algorithm with

c(s1) > c(s2) > -+ > c(sg),



and let Ty, = {t¥,t5,...,t*} be a maximum-weight independent set of size k with
c(ty) > efty) > - > e(ty).

Assume ¢(Ty) > ¢(Sk). Then there must exist an index p with 1 < p < k at which S and T}, differ
and

c(tl;) > c(sp).

Now consider the sets

A={th b . g_l,t];} and B ={s1,52,...,8p-1}.
By the exchange property (iii) of matroids and since |A| > | B, there exists an index ¢ with 1 <i <p
such that
the AN\B and BU{tF}eT.

Moreover, since
k k k
c(ti) > c(tipy) = -+ = clty) > c(sp),

the greedy algorithm would have examined the element t¥ before sp and would have selected it instead;
a contradiction. O

It is natural to ask whether there exists a class of independence systems more general than ma-
troids that still allows the greedy algorithm to always find a maximum-weight independent set for each
cardinality. The following result settles this speculation and shows that the greedy algorithm actually
characterizes matroids.

Theorem 3 (Greedy Characterization of Matroids). Let M = (E,Z) be an independence system. If the
greedy algorithm produces maximum-weight independent sets of all cardinalities for every nonnegative
weight function c: E — R>q, then M is a matroid.

Proof. We show that if 7 does not satisfy the exchange property (iii), then there exists a weight function
c: F — R5g for which the greedy algorithm fails to find a maximum-weight independent set.

Suppose there exist X,Y € 7 with |X| < |Y| such that for all e € Y\ X, we have X U {e} ¢ Z. This
violates (iii).

We define a weight function c: £ — R>q by

1+e¢e, ifeeX,
cle) =<1, ifeeY\ X,

0, otherwise,

where € > 0 is a small constant to be chosen.
Consider Y € T with |Y| > | X| and weight

V) = [X|(A+e) + (Y] = |X]) - 1= [X|(1 +¢) + [Y] = [X].

With this weight function, the greedy algorithm first selects all elements from X (as 1 +¢ > 1). It
then tries to extend the set to size |Y|. However, by assumption, no additional element from Y \ X
can be added to X (due to the failure of (iii)). Thus, the algorithm only selects elements of weight 0
thereafter.

Let X’ denote the set of size |Y| constructed by the greedy algorithm. Then its total weight is

oX) = [X[(Q+e) + (Y] = [X])- 0= | X|(L +e).

To reach a contradiction, we choose € small enough such that
1
(X <eY) & |X|Q+e)<|X|Q+e)+[Y]—|X|] & e< 2k
Such a choice of € is possible. Therefore, the greedy algorithm does not produce a maximum-weight

independent set of size |Y|, which is a contradiction. Thus, Z must satisfy the exchange property (iii),
and M is a matroid. O
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